An alternative type of nonlinear evolution equation is derived that describes interfacial waves in a two-layer fiuid system. The equation presented here is a higher-order version of the Benjamin-Ono (BO) (2) (ii) Kinematic boundary conditions at the fluid interface, (iii} Dynamic boundary condition at the fluid interface, (y=a, ri) .
Nonlinear waves on a fluid interface have received a great deal of attention due to their practical importance [1] . In contrast to surface gravity waves [2] [3] [4] [5] , relatively little study has been done on interfacial waves. Some investigators have been concerned with interfacial waves in two-layer fluid systems where each fluid has a constant density [6 -8] . They derived nonlinear evolution equations (NEE's) such as the Korteweg -de Vries (KdV) and Benjamin-Ono (BO) equations that describe the time evolution of the interfacial elevation. In this respect, it can be remarked that a unified theory of interfacial waves has been developed recently which is applicable to wave phenomena on fluid of arbitrary depth [9] . Although these equations usually incorporate the lowest-order nonlinearity in wave amplitude, there appear to be few works taking into account of higher-order nonlinearities [10 -12] .
Almost all the works mentioned above were made under the assumption that the depth of both fluids is short compared with a typical wavelength of the wave. The resulting NEE's are called the higher-order KdV equations. (2) (ii) Kinematic boundary conditions at the fluid interface, ( iii} Dynamic boundary condition at the fluid interface, (y=a, ri) .
x =lx, y =h, y, t =(1/co)t, $.=(gla/co}p (j=1,2), q=aq, (8) and the dimensionless parameters e, a. , and 6. are defined by (9) (iv) Upper and lower boundary conditions, =0 (y =1), =0 (y = -5q/51) .
Here $1=/&(x, y, t) and $2=$2(x,y, t) are the velocity potentials for the upper and lower fluids, respectively, g= g(x, t) is the interfacial elevation, go is a constant; and h=p, /p2( &1) is the density ratio. The subscripts x, y, and t appended to pj(j =1,2) and ri denote partial differentiation. This notation will be used throughout the paper. (1) and (2) satisfying the boundary conditions (6) and (7) have been obtained in the form of an integral representation [9] . Expanding the potentials at the Auid interface in powers of e, and retaining the terms up to O(e ), we obtain the first three terms of the expansion to be (14) and solve (10) iteratively in f " to express them in terms of rj and u as f "= -
(. rj u ""-)]+O(e ) (j=1,2), where T (j = 1,2) are the inverse operators of T, i.e. , T~Tj = T T =I (I is the identity operator), and given explicitly by (16) Insertion of (15) into (11) and the x derivative of (12) (17) (Pj,~" )"=u, -( -1)~e(rj, T u, "-rj"T,u, )
Finally, by substituting (14) , (17) , and (18) into (3), (4) , and (5), we obtain a closed system of NEE's for g, u "and u2 as (21) to normalize the phase velocity (=to/k) to unity. Under this situation, (19) and (20) Equation (28) Hf(x, t)= P f -' dy,
7T
-oo g X Sf(x, t}= f sgn(y -x)f(y, t)dy .
(23)
Introducing (21) and (22) into (19) and (20) [17] [18] [19] .Explicitly, it may be written in the form [17] , and it can be shown to be completely integrable. In order to compare (29) with (30), we first transform (29) into a reference frame moving with the phase velocity of the wave, which is unity in the present case, and after that rescale the variables q, t, and x according to au, bt, and cx, respectively"where a = 3e/a2, b = 325 52/81m~, and c =4652/9e. Equation (29) then becomes u, +4uu"+Hu -e 3u u"-" , uHu --",H(u-u")"3u"Hu"+ (-6 --, ')u""" 166 =0.
(31) 49 Hence, we see that (29) cannot be reduced to (30) by any scale transformation. This fact would imply that Eq. (29) may not be integrable. To confirm this statement, we have tried to obtain exact solutions, though the attempt has not succeeded as yet. Therefore, we rely on approximate methods.
We shall now seek a solution of solitary-wave type by means of a singular perturbation method based on multiple time scales [19] . To begin with, we write (31) as u, +4uu"+Hu", =ER Performing the integrals on the right-hand side of (34) [19] . One remarkable aspect is the phase shift which usually occurs during the interaction of solitons. It is known that the BO solitons exhibit no phase shift [20, 21] , and this property also holds for all members of the Lax hierarchy of the BO equation. However, the addition of the perturbation indicated in (31) may change the characteristic drastically. Therefore, it seems to be quite interesting to study the interaction process of solitary waves on the basis of Eq.
